We perform first-principles calculations to investigate the phase stability of boron carbide, concentrating on the recently proposed alternative structural models composed not only of the regularly studied B 11 C p (CBC) and B 12 (CBC), but also of B 12 (CBCB) and B 12 (B 4 ). We find that a combination of the four structural motifs can result in low-energy electron precise configurations of boron carbide. Among several considered configurations within the composition range of B 10.5 C and B 4 C, we identify in addition to the regularly studied B 11 C p (CBC) at the composition of B 4 C two low-energy configurations, resulting in a new view of the B-C convex hull. [B 12 (CBCB)] 0.33 , corresponding to compositions of B 10.5 C and B 6.67 C, respectively. As a consequence, B 12 (CBC) at the composition of B 6.5 C, previously suggested in the literature as a stable configuration of boron carbide, is no longer part of the B-C convex hull. By inspecting the electronic density of states as well as the elastic moduli, we find that the alternative models of boron carbide can provide a reasonably good description for electronic and elastic properties of the material in comparison with the experiments, highlighting the importance of considering B 12 (CBCB) and B 12 (B 4 ), together with the previously proposed B 11 C p (CBC) and B 12 (CBC), as the crucial ingredients for modeling boron carbide with compositions throughout the single-phase region.
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I. INTRODUCTION
Boron carbide belongs to icosahedral boron-rich solids. Owing to its unusual bonding types, dominated by threecenter two-electron bonds, the material possesses several prominent properties, e.g., high chemical and thermal stabilities, high hardness, high melting point, etc. The material is thus promising for various applications [1] [2] [3] [4] [5] [6] [7] . The crystal structure of boron carbide has mostly been described by 12-atom icosahedra, located at vertices of a rhombohedral unit cell (R3m), and intericosahedral chains, filling the interstices between the icosahedra [8] [9] [10] [11] . The icosahedron consist of two crystallographic sublattices, namely polar and equatorial sites. Each of them bonds to six neighboring icosahedra through the polar atoms, while each chain-end atom bridges the three surrounding icosahedra through the equatorial atoms.
Experimentally, boron carbide exhibits a single-phase solid solution over a relatively broad composition range, extending approximately from 8 to 20 at. % of C [1, 7, 12] . Thus a situation of B and C atoms to substitute for one another on the lattice sites within the single-phase region is conceivable. Inspection of the atomic configuration of the material at any given carbon content and temperature is, however, an outstanding challenge for both experimentalists and theoreticians. This is owing to its structural complexity as well as the similarities of B and C atoms in terms of the atomic form factors for x-ray diffraction [13] and of the nuclear scattering cross sections ( 11 B and 12 C) for neutron diffraction [11, 14] . It should be * annop.ektarawong@liu.se noted that the issues, regarding the solubility range [15] [16] [17] and atomic configuration [18] [19] [20] [21] of boron carbide, have still been inconclusively debated. Several first-principles studies [20] [21] [22] [23] [24] [25] [26] [27] suggested two stable compositions of boron carbide, i.e., B 4 C and B 6.5 C represented, respectively, by B 11 C p (CBC) [ Fig. 1 (a)] and B 12 (CBC) [ Fig. 1(b) ], where the superscript p denotes the polar sublattice. However, these two configurations are not able to accurately provide a description of the material properties, as they result in large discrepancies between theoretical predictions and experimental observations. For example, boron carbide is known to be a semiconductor throughout the single-phase region [28, 29] , while first-principles calculations predict a metallic state for B 12 (CBC) due to its electron deficiency [25, 30, 31] . Another example of the discrepancies is that the elastic and shear moduli of B 12 (CBC) are severely underestimated, as compared to the experimental values [32] . Further detailed discussion of the discrepancies can be found elsewhere [20, 21, 33] . Recent theoretical studies [18] [19] [20] [21] 32] demonstrated that configurational disorder of B and C atoms, induced by high concentrations of low energy B/C substitutional defects, could be the reason for such discrepancies. Such disordered configurations of boron carbide were, however, predicted to be favored only at high temperature. Alternatively, Shirai et al. [33] initiated an idea of inclusion of B 12 (B 4 ) [ Fig. 1(c) ] with B 11 C p (CBC) and B 12 (CBC) in modeling boron carbide within the singlephase region, together with its capability to compensate for the electron deficiency in B 12 (CBC), and showed that such structural models are rather low in energy comparable to that of B 12 (CBC). We note that the chain motif B 4 was originally proposed by Yakel, based on the x-ray diffraction data of boron-rich boron carbide [9] . Following the work of Shirai et al. [33] , Rasim et al. [34, 35] proposed extended structural models, dominated not only by B 11 C p (CBC), B 12 (CBC), and B 12 (B 4 ), but also by B 12 (CBCB) [ Fig. 1(d) ]. They found that the linear CBCB chain is capable of compensating for the electron deficiency in B 12 (CBC) on the same level as the rhombic B 4 chains, and suggested both chain units are intrinsic defects for B 12 (CBC). In addition, when the right fractions of B 11 C p (CBC), B 12 (CBC), B 12 (B 4 ), and B 12 (CBCB) are considered, the resulting configurations of boron carbide can be electron precise and low in energy, thus plausibly being an explanation to how the material retains its semiconducting character, as the carbon content varies within the single-phase region.
In this work, we perform first-principles calculations to investigate the phase stability, as well as electronic and elastic properties of boron carbide. The structural models of boron carbide are constructed through the combination of the four structural motifs, shown in Fig. 1 . We find that the electron deficiency in B 12 (CBC) can be compensated, if the motif is mixed with either B 12 (CBCB) or B 12 (B 4 ) with a ratio of 2:1, which is in line with the findings, lately reported in Refs. [34, 35] . Based on this rule, the composition of boron carbide is tuned from B 10.5 C to B 4 C by varying the concentration of each structural motif, so that our constructed models of boron carbide are electron precise. We also aim not only to reveal the influence of configurational disorder of the four motifs on the phase stability and properties of the modeled boron carbides, which have so far not been considered, but also to demonstrate an implementation of the state-of-the-art cluster-expansion method [36] to search for ground-state configurations of boron carbide with compositions throughout the single-phase region, which are currently unknown, except B 4 C.
Among several of our models, we identify three low-energy configurations, leading to a revolution of the B-C convex hull, i.e., B 11 [B 12 (B 4 )] 0.33 , corresponding to the compositions of B 4 C, B 6.67 C, and B 10.5 C, respectively. As a consequence, B 12 (CBC), previously proposed in the literature to be a stable configuration of boron carbide at the composition of B 6.5 C, is no longer part of the convex hull. In addition, we observe large variation of electronic band gap, depending on the composition of boron carbide and the configuration of structural motifs, while the elastic moduli, derived from those identified low-energy configurations, are in fair agreement with the experiments. These findings highlight the importance of considering B 12 
II. METHODOLOGY

A. Computational details
The first-principles total energies are calculated from the density functional theory (DFT), where the projector augmented wave (PAW) method [37] as implemented in the Vienna ab initio simulation package (VASP) [38, 39] and the generalized gradient approximation (GGA) proposed by Perdew, Burke, and Ernzerhof (PBE96) [40] for the exchangecorrelation functional are used. The plane-wave energy cutoff is set to 500 eV and the Monkhorst-Pack k-point mesh [41] is chosen for the Brillouin zone integration. We also assure that the calculated total energies are converged within an accuracy of 1 meV/atom with respect to both the energy cutoff and the number of k-point grids. During the total energy calculations, all internal atomic coordinates, volume, and cell shape are fully relaxed. The tetrahedron method for the Brillouin zone integrations, suggested by Blöchl [42] , is used for electronic density of states calculations.
B. Structural models of boron carbide
In the present work, the structural models of boron carbide are constructed on the superatomic level, as implemented in the superatom-special quasirandom structure (SA-SQS) approach [20, 21, 32] . We note that, within the superatomic framework, a whole structural motif (icosahedron + chain) will be referred to as a superatom for the rest of this article. The models of boron carbide are constructed within various cell sizes, consisting of 15 up to 552 atoms, using the combination of the four superatomic species, proposed in the literature [33] [34] [35] (Fig. 1 (B 4 ). We note further that, apart from the four said structural motifs, other motifs, e.g., B 12 (CCC), B 11 C(BBC), B 12 (BBC), etc., are not considered in the present work, as they are not energetically favorable from thermodynamic consideration, resulting in relatively high-energy configurations of boron carbide, and they are therefore unlikely to explain the discrepancies in the materials properties between theory and experiments, at least at low temperature [20, 21, 24] . Here, the composition of boron carbide varies between B 10.5 C and B 4 C, depending on the concentration of each superatomic species. In order to achieve the electron-precise configurations, we compensate the electron deficiency in B 12 (CBC) by employing the following rule: In the present work, we consider 12 compositions. For all considered compositions, except B 6.5 C and B 4 C, being represented by an individual superatom B 12 (CBC) and B 11 C p (CBC), respectively, the superatoms are randomly distributed by using the special quasirandom structure (SQS) approach [43] , such that their superatomic configurations are imitating the random alloy pattern. In addition, we also consider some selected ordered structures of superatoms, in particular at B 10.5 [B 12 (CBCB)] 0.33 , respectively, in order to assess the impact of superatomic configuration on the phase stability and properties of boron carbide at fixed compositions. The phase stability of all considered configurations of boron carbide is evaluated through the formation energy, calculated with respect to pure boron and carbon phases, i.e., α-boron and diamond, respectively,
E form (B m C n ) is the formation energy/atom of boron carbide B m C n and E(B m C n ) is the total energy/formula unit of the compound. E(B) and E(C) are the total energies/atom of α-boron and diamond, respectively. We note that the influences of lattice vibrations, induced by temperature, are not studied in the present work and thus the phase stability as well as the intrinsic properties of boron carbide will, respectively, be evaluated and derived at 0 K. The information, such as concentrations for each superatomic species, formation energy with respect to the pure boron and carbon phases, and band gap, of the considered compositions and configurations of boron carbide is summarized in Table I .
C. Elastic properties calculations
To derive the elastic properties, strains with ±1% and ±2% distortions are applied to the supercells of boron carbide without volume conservation. We avoid residual stresses by relaxing the lattice parameters and the internal atomic coordinates, such that pressures are always less than 10 6 Pa. The elastic constant C ij are then obtained from the second-order Taylor expansion of the total energy [44, 45] ,
in which Voigt's notation is used to describe the strain i and the elastic tensor C ij [46, 47] . E( 1 , . . . , 6 ) is the total energy of the supercell, distorted by the correspondingly applied strains i , while V 0 is the equilibrium volume of the undistorted supercell. It is worth noting that the inclusion of different superatomic species in modeling induces distortion, breaking the symmetry of boron carbide. Furthermore, the SQS approach in principle breaks the point-group symmetry. To deal with these issues, we employ the projection technique, suggested by Moakher et al. [48] , to derive the rhombohedrally averaged elastic constantsC ij , following the procedure described in our previous works on boron carbide [16, 32] . Thus twelve independent elastic constants, i.e., C 11 , C 12 ,
C 44 , C 55 , C 56 , and C 66 , must be calculated to obtain the six averaged elastic constants, given bȳ
In the present work, we use the Voigt-Reuss-Hill (VRH) method [49] to determine isotropic polycrystalline elastic moduli of boron carbide.
III. RESULT AND DISCUSSION
A. Compensation of electron deficiency in B 12 (CBC)
Based on the electron counting rule of Longuet-Higgins and Roberts [50] for interpreting the electronic structure and stability of icosahedral boron-rich clusters, 48 electrons/unit cell are required to complete the valence band of boron carbide and to result in a semiconducting state. This requirement is, however, only fulfilled for B 4 C, represented by B 11 C p (CBC). B 6.5 C represented by the idealized B 12 (CBC) is, on the other hand, electron-deficient due to the substitution of B for C p atoms, resulting in one hole/unit cell. Ektarawong et al. [21] previously demonstrated that the electron-deficient state of B 12 (CBC) can be cured by thermally activated configurational disorder of B and C atoms. Such disorder, however, resulted in relatively high-energy configuration of boron carbide, which was predicted to be thermodynamically stable only at very high temperature.
Recently, another concept of compensating for the electron deficiency in B 12 (CBC) through the inclusion of either B 12 (B 4 ) or B 12 (CBCB) has been introduced, respectively, by Shirai et al. [33] and Rasim et al. [34, 35] . In this section, we revisit such an issue in order to reveal a mechanism of both B 12 (B 4 ) and B 12 (CBCB) to compensate for the electron deficiency in B 12 (CBC).
To start with, we generate a 3 × 2 × 2 supercell of the idealized B 12 (CBC) (180 atoms). Since B 12 (CBC) lacks one electron/unit cell, the generated supercell of B 12 (CBC) has 12 holes in the valence band, as shown in Fig. 2(a) . We find that the exchange of a unit of B 12 (CBC) to either B 12 (CBCB) or B 12 (B 4 ) can compensate the electron deficiency for two additional units of B 12 (CBC), as can be seen from the number of holes in the valence band decreasing from 12 to 9 [Figs. 2(b) and 2(c)]. We note that a unit of B 12 (CBCB) or B 12 (B 4 ) can be considered as a dilute defect in a matrix of B 12 (CBC). Interestingly, both defective structures are stable with respect to the idealized B 12 (CBC) and pure boron phase, indicated by the negative formation energies (not shown). These findings are in line with the recent works [33] [34] [35] , and will be served as a rule [Eq. (1)] for building up electron-precise superatomic configuration of boron carbide in the following sections. Fig. 2(b) ], but the number of electronic states of the valence band remains unchanged. In this particular case, the number of holes reduces from 12 to 9 through three additional valence electrons from the extra B atom in the chain. On the other hand, replacing B 12 (CBC) by B 12 (B 4 ) does reduce the total number of electronic states of the valence band by 2. Those states might be split off from the valence band and become part of the midgap states [see Fig. 2(c) ]. Considering this together with the fact that the B 4 chain possesses a valence electron more than the CBC chain, there remain in total nine holes in the valence band.
B. Revolution of the B-C convex hull
We note that, to achieve electron-precise superatomic configurations, we restrict ourselves to the four superatomic species, shown in Fig. 1 , as well as the rule of compensating the electron deficiency for B 12 (CBC) [Eq. (1)], established from the findings in the previous subsection. In this particular case, we consider in total 55 configurations of boron carbide, and its composition ranges from Table I lists the information, e.g., concentrations for each superatomic species, formation energy with respect to the pure boron and carbon phases, and electronic band gap, of all 55 configurations of boron carbide. Figure 3 illustrates the formation energies E form of the 55 configurations of boron carbide, calculated with respect to pure boron and carbon phases, i.e., α-boron and diamond, respectively.
As shown in Fig. 3 , several of our superatomic configurations are relatively stable with respect to the idealized B 12 (CBC) (open black circle), previously proposed to be part of the B-C convex hull, together with B 11 C p (CBC) (dashed lines) [20] [21] [22] [23] [24] [25] [26] [27] . Among those, we identify three low-energy configurations (filled solid circles), resulting in a revolution of the convex hull (thick solid lines). line with the findings, recently reported in Refs. [34, 35] , and also confirm the theoretical prediction, suggested by Shirai et al. [33] , that B 12 (CBC) is not the lowest energy configuration of B 6.5 C.
We emphasize that, although the two configurations at B 6.67 C and B 10.5 C, being part of our sketched B-C convex hull [ Fig. 3 ], possess the lowest energy, as compared to the other configurations considered at the same composition, there is no guarantee that such configurations are really their global minimum in energy, i.e., ground state, at the corresponding compositions. It is worth noting that there are indeed a number of ways to define a superatomic formula at one particular composition. For example, rather than [B 12 In principle, at a given composition of boron carbide, one needs to consider all possible superatomic formulas and configurations, before a final conclusion concerning the ground state at that composition can be drawn. However, it should also be noted that determining the ground-state configurations of boron carbide at any given carbon content and configurational phase transitions at elevated temperatures is a huge challenge to the alloy theoreticians even at the superatomic level due to a variety of superatomic species of boron carbide, leading to the problems typical of multicomponent alloys. In the present work, an attempt to search for the ground-state configuration of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 has been made, and will be discussed in Sec. III D.
Concerning the phase stability of B ∼4.3 C, having been claimed in experiment to be the upper limit of the carbon content for boron carbide, we have demonstrated in Table I that the structural models of B 4.3 C, that are composed of B 12 (B 14 ), B 12 (CBC), and B 11 C p (CBC) and are electron precise, exhibit relatively low-energy configurations. Their formation energies were found to be less than 5 meV/atom above the revised B-C convex hull at 0 K; see Table I and also Fig. 3 . One would thus expect that B 4.3 C is thermodynamically favored over B 4 C at elevated temperature due to the mixing entropy. This might also be an explanation of why synthesizing boron carbide with the stoichiometric composition of B 4 C (20 at. % C) at high temperature in general results in a mixture of boron carbide with the carbon content slightly lower than 20 at. % and free graphitelike carbon [7, 51, 52] .
C. Electronic and elastic properties of boron carbide
Besides the phase stability, as discussed in the previous section, our calculations also reveal dependencies of composition and configuration on the electronic properties of boron carbide. We observe that, for those electron precise configurations, the electronic band gap largely varies between 0.1 and 3.0 eV, as can be seen from Table I . For instance, the band gap of the identified low-energy ordered configuration of B 6.67 C (B 10.5 C) is 1.67 (1.35) eV. The band gap, however, shrinks to 0.54 (0.99) eV, when its superatomic configuration is that of a random alloy, illustrated in Fig. 4 . On the other hand, the indirect band gap of boron carbide has been experimentally reported to fall into the range between 0.48 and 2.09 eV, depending on its stoichiometry [55] [56] [57] [58] . By taking into account also the fact that local and semilocal functionals, such as LDA and GGA, typically underestimate the band gap of semiconductors and insulators, the structural models of boron carbide, composed either of B 12 (CBCB) or of B 12 (B 4 ) to compensate for the electron deficiency in B 12 (CBC), yield a good description of electronic band gap, which is in line with experiments and likely to be an explanation to how boron carbide retains its semiconducting state, as the carbon content varies within the single-phase region.
Apart from the idealized B 12 (CBC), we observed two superatomic configurations, one at B 6.67 C and the other at B 10.5 C, behaving as a metal. We note that these configurations have been built upon the rule [Eq. (1)], established from the findings in Sec. III A, and were supposed to be semiconductors. The source of their metallic character may be attributed to the overlapping between the fully occupied valence band and unoccupied midgap states, thus resulting in an unfavorably high-energy configuration. The influence of superatomic arrangement on electronic properties of boron carbide has, however, remained ambiguous, thus deserving further investigation. We, moreover, consider the elastic properties of boron carbide by focusing on the three identified low-energy ordered configurations at B 10.5 C, B 6.67 C, and B 4 11 C p (CBC) are taken from our previous work of boron carbide [32] , also calculated using the approach described in Sec. II C. Note that the reliability of our approach, used to calculate the elastic properties of boron carbide, has been confirmed and discussed in Ref. [32] . The elastic moduli of boron carbide, calculated in the present and our previous works, as well as the corresponding experimental data, available in the literature, are given in Table II, purposes, the elastic constants and moduli of α-boron or B 12 , derived in this work, are also provided in Table II , and they are in good agreement with the previous calculations, performed by He and Zhong [59] .
As can be seen from Table II and Fig. 5 , the elastic moduli of B 4 C, given by B 11 C p (CBC), are in excellent agreement with the experiments [53, 54] . On the other hand, the Young's and shear moduli of B 6.5 C, represented by the idealized B 12 (CBC), are to a large extent underestimated, as compared to the experiment [53] . We, however, find that a close agreement with the experiment at around B 6.5 C composition [32] . The superscript e denotes the equatorial sublattice. We thus attribute this to the band-filling effects, resulting in a semiconducting state of boron carbide.
Owing to the band-filling effects, the elastic moduli of B 10.5 C or [B 12 (CBC)] 0.67 [B 12 (B 4 )] 0.33 are comparable to those of B 6.67 C and B 4 C. Apparently, the calculated results of B 10.5 C contradict the experimental elastic moduli reported by Gieske et al. [53] for B 7.7 C and B 9 C (see Table II and Fig. 5 ). They suggested that, on the boron-rich side (at. % C < 13.33), boron carbide becomes substantially compressible because of B 12 , replacing B 11 C, in this composition range. However, our results demonstrate that such a statement may not be true, as all of the icosahedra, composing B 10.5 C, are B 12 . Cheng et al. [60] have, recently, reported the experimentally measured reduced Young's modulus of boron carbide at different carbon content, showing that the quantity barely changes with the carbon content (see Fig. 5 ), qualitatively in line with our calculations, while the drastic softening of elastic moduli, observed for B 7.7 C and B 9 C in Ref. [53] , may be attributed to porosity of the as-synthesized boron carbide samples at those compositions.
We have demonstrated that both the electronic and elastic properties of boron carbides of which the electron deficiency in B 12 (CBC) are fully compensated either by B 12 (CBCB) or by B 12 (B 4 ) are in agreement with the experimental observations. Considering this together with the findings on the phase stability of boron carbide in the previous section, we highlight the importance of considering B 12 (CBCB) and B 12 (B 4 ), as well as the previously proposed B 11 C p (CBC) and B 12 (CBC), as the principal structural building blocks for modeling boron 33 and their Warren-Cowley short-range-order (SRO) parameters (α i ) for the first eight coordination shells (i = 1-8). E γ −DFT and E γ −CE stand for the total energies per superatom (eV/s.a.), calculated from DFT and from Eq. (6), using the fitting parameters, given by Eq. (7), respectively.
Supercell size
Warren-Cowley short-range-order (SRO) parameters (α i ) In Sec. III B, we have pointed out a challenge to investigating the influence of configuration on phase stability and properties of boron carbide owing to its structural complexity and large solubility of carbon, resulting in a large variety of structural building blocks and the order among them. Despite such a challenge, we endeavor in the present section to determine the ground state of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 . To do so, we employ the Connolly-Williams cluster expansion (CE) method [36] on the level of B 12 (CBC) and B 12 (CBCB) superatoms in order to derive the so-called effective cluster interactions (ECIs), f reduces to V (2) i , which is the effective pair interaction of the ith coordination shell. Equation (5) can then be rewritten as
n i is the number of neighbors in the ith shell. In the case of boron carbide, n i = 6 for i = 1-4 and 6-8, while n 5 = 12. To solve for the unknown quantities in Eq. (6), i.e., E and V 
The total energy of [B 12 [61] algorithm. During the simulations, the material is cooled from 4000 to 0 K, using simulated annealing with the temperature steps 100 K and 50 K for T > 2000 K and T < 2000 K, respectively. At each temperature, the simulations include 20 000 Monte Carlo steps for equilibrating the system and then 10 000 more steps for obtaining the proper averages of the total energies and SRO parameters. The total energy E γ -CE as well as the SRO parameters of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 , resulting from the MC simulations at T = 0 K, are listed in Table III and denoted by the 22nd configuration.
As visualized in Fig. 6(a) [B 12 (CBCB)] 0.33 within a much smaller 4 × 3 × 3 supercell (552 atoms), whose SRO parameters imitate those of the MC predicted ground state up to the fourth shell. As can be seen from Fig. 6(b) , the 23rd configuration exhibits exactly identical in-plane superatomic configuration to that of the MC predicted ground state, while their stacking features are only slightly different. In addition, the total energies of the two configurations predicted by the Hamiltonian are very similar (see Table III ), implying that the 23rd configuration can be reasonably used for estimating the phase stability of the MC predicted ground state. Interestingly, the DFT energy E γ -DFT of the 23rd configuration is lowest, as compared to the other 21 configurations, and it results in the formation energy E form of −0.1 eV/atom with respect to α-boron and diamond, which is slightly more stable than the low-energy configuration, identified in Sec. III B (the eighth configuration in Table III) . We thus propose the 22nd configuration [ Fig. 6(a) Fig. 6(c) . We also simulate x-ray powder diffraction patterns of the proposed ground state of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 (the 23rd configuration), using the RIETAN-FP package [62] as implemented in VESTA [63] , and provide it as a fingerprint for future experimental investigations of boron carbide. The files, containing structural information of the proposed ground state in the VASP format and its simulated powder diffraction patterns are provided as Supplemental Material [64] .
Furthermore, by inspecting the configurational specific heat of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 , derived from the total energy as a function of temperature, we observe a configurational phase transition, taking place at 1700 K. For comparison, the mean-field estimated order-disorder transition temperature, based on the energy difference between the proposed ground state and the ideally random alloy-namely, the 23rd and 19th configurations, listed in Table III , respectivelyis 2212 K. The mean-field transition temperature is thus an overestimation of the transition temperature predicted by the MC simulations by ∼30%. Such an overestimation of the mean-field method is attributed to an absence of the short-range order effects for the disordered configuration of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 [18, 20, 21] .
We have, in this section, demonstrated how the cluster expansion approach is employed, together with the MC simulations, to investigate the influence of configuration at the superatomic level on phase stability of boron carbide, in particular [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0. 33 . We note that the approach is in principle not restricted either to any specific superatomic formulas or to any specific carbon content of boron carbide within the single-phase region. However, one should be cautious of cases in which various superatomic species are required to describe the configuration of boron carbide. Definitely, this will lead to cumbersome problems of multicomponent systems. The Connolly-Williams cluster expansion approach [36] itself has also drawbacks. That is, one never knows what specific configurations as well as to what range of ECIs should be included in the expansion, i.e., Eq. (5). Given the fact that the ECIs are not restricted by any a priori known information, the total energy E γ -CE can in principle be identically reproduced by different sets of ECIs. This has a direct impact on the predictive power of the cluster expansion. Additionally, in our case of [B 12 (CBC)] 0.67 [B 12 (CBCB)] 0.33 , the problem has been taken care of at the superatomic level, where configurational disorder of B and C atoms within the superatoms is completely neglected. In reality, such a phenomenon can be thermally induced and should thus be considered for a complete description of the atomic configuration of boron carbide at elevated temperature.
IV. CONCLUSION
We perform first-principles calculations to investigate the phase stability, as well as electronic and elastic properties of boron carbide. The structural models of boron carbide of different compositions, ranging from B 10.5 C to B 4 C, are constructed using the combination of four structural motifs, recently proposed in the literature [33] [34] [35] (B 4 ) are capable of compensating the electron deficiency in B 12 (CBC) and they can result in low-energy electron precise configurations.
In the present case, we identify two low-energy configurations at the compositions of B 6.67 C and B 10.5 C, represented, respectively, by [B 12 (B 4 )] 0.33 . Together with the frequently studied B 11 C p (CBC) at the composition of B 4 C, these three configurations lead to a revolution of the B-C convex hull. As a consequence, B 6.5 C, represented by the electron deficient B 12 (CBC) and previously proposed in the literature as a stable composition of boron carbide, is no longer part of the B-C convex hull.
Through inspections of the electronic density of states as well as the elastic moduli, we observe that boron carbide, of which the electron deficiency in B 12 (CBC) is entirely compensated either by B 12 (CBCB) or by B 12 (B 4 ), provides a description for electronic and elastic properties of the material, in agreement with the experimental observations. These results confirm the findings recently reported in Refs. [33] [34] [35] . We thus highlight the importance of considering B 12 (CBCB) and B 12 (B 4 ), as well as the previously proposed B 11 C p (CBC) and B 12 (CBC) in their electron precise compositions, as the crucial ingredients for modeling boron carbide with compositions throughout the single-phase region.
